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Abstract. One of the advantages of the finite energy sum rules is the fact that every operator
in the operator product expansion series can be selected individually by the use of an appropriate
kernel function which removes other operator poles. This characteristic is maintained by
QCD systems in the presence of external homogeneous magnetic field, providing interesting
information about the magnetic evolution of QCD and hadronic parameters. In this work
finite energy sum rules are applied on QCD in the light quark sector, combining axial and
pseudoscalar channels in the presence of an external homogeneous magnetic field, obtaining the
magnetic evolution of the light quark masses, pion mass, the pion decay constant, the gluon
condensate and the continuum hadronic threshold.
1. Introduction
The increasing interest in the study of magnetic field effects in quantum chromodynamics (QCD),
mainly in the search of the chiral magnetic effect in relativistic heavy ion collision experiments, as
well as the interior of magnetars, has produced a variety of interesting and different techniques in
order to obtain the modification of particle parameter due to the interaction with the medium.
The main difficulty arises from trying to cover all the possible range of the magnetic field
strength. A typical approximation is the use of the lowest Landau level, which is the main tool
to explore QCD under highly magnetized conditions. However, it commonly exceeds the physical
possible values that collider experiments or magnetars can reach. Another approximation is to
expand in power series of the magnetic field, with the range of magnetic field values restricted
by the scale of the model. In this work, the finite energy sum rules (FESR) will be employed in
the presence of an external magnetic field in order to obtain the magnetic evolution for hadronic
Figure 1. Schematic representation of hadronic
resonances. s0 denotes the limit where heavier and
broader resonances start to overlap.
Figure 2. The pac-man contour.
Hadronic resonances lies over the real
axis, while QCD lives on the circle
and QCD parameters. More references and details an be found in [1], which is the article on
which this text is mainly based.
The FESR relates the hadronic with the quarks sector based on analytic properties in the
complex squared-energy s-plane. Let us consider the correlation of two currents in Fourier space
Π(p2) =
∫
d4x eip·x〈0|TJ(x)J†(0)|0〉. (1)
In the hadronic sector, the spectral density function can be obtained as ρ(s) = 1
pi
ImΠ(s + iǫ).
Figure 1 shows a scheme of the spectral function as a function of the squared energy, where the
stable particle state can be observed as a delta function and where a set of resonances appear at
high energy. The parameter s0 denotes the threshold where broader resonances start to overlap.
This parameter is known as the continuum hadronic threshold.
The only singularities of current correlators lie on the right-hand complex plane. They are in
the form of poles on the real s-axis (stable hadrons), or on the second Riemann sheet (hadronic
resonances).
Next, Cauchy’s theorem is invoked in the s-plane, considering the contour shown on the right
side of Fig. 2, leading to finite energy QCD sum rules (FESR).
1
π
∫ s0
0
dsK(s) ImΠ(s)|Had = −1
2πi
∮
C(s0)
dsK(s)Π(s)|QCD, (2)
where K(s) is an analytic kernel. We use here K(s) = sN−1, with N an integer number, with
the advantage that it cuts the operator product expansion (OPE) of current correlators in QCD.
This operator series parameterize the non perturbative sector in terms of vacuum expectation
values of different operators of dimension 2n,
Π(s)|QCD =
∑
n=0
C2n(s, µ
2)
〈Oˆ2n(µ2)〉
(−s)n , (3)
where µ2 is a renormalization scale and C2n are the Wilson coefficients. The n = 0 case
corresponds to perturbative QCD which is usually a logarithmic contribution. The lowest
dimension operators are O4, which corresponds the quark condensate (multiplied by the quark
mass) and the gluon condensate. From here is easy to see that, if Wilson coefficients are constant,
there will be only one specific operator contribution for each kernel used.
While the Wilson coefficients in the OPE, Eq. (3) can be computed in PQCD, the values of the
vacuum condensates cannot be obtained analytically from first principles. These condensates can
be determined from the QCD sum rules themselves, in terms of some experimental information
input, by lattice QCD (LQCD) simulations or information provided from other models.
We consider three current correlators in the presence of an external magnetic field: the light-
quark axial-vector current correlator, pseudoscalar correlator and axial-pseudoscalar correlator.
2. Vacuum FESR
The axial-vector current correlator is defined as
ΠAµν(p) = i
∫
d4x eip·x 〈0|T [Aµ(x)A†ν(0)]|0〉 = pµpν Π0(p2) + gµν Π1(p2) (4)
where Aµ = d¯γµγ5u is the (electrically charged) axial-vector current, and pµ is the four-
momentum carried by the current. In the hadronic sector, the axial current can be expressed
in terms of the pion field as Aµ = −
√
2fpi∂µπ
+. In this work we consider two sum rules for the
form factor Π0, i.e the FESR considering two kernel values: one sum rule with a kernel K = 1
and other with kernel K = s.1 Therefore we need the OPE series up to order s−2,
Π0(s)|QCD =−
1
4π2
ln(−s/µ2)− 2mq 〈q¯q〉
s2
+
1
12π
〈αsG2〉
s2
, (5)
where mq ≡ 12(mu +md) is the average light quark mass, G2 ≡ GaµνGaµν and 〈q¯q〉 ≡ 12(〈u¯u〉+
〈d¯d〉) the average light quark condensate. The hadronic sector gives Π0(s)|Had = −2f2pi/(s−m2pi).
The second current correlator to be considered is Π5ν , involving an axial-vector current and
its divergence
Π5ν(p) = i
∫
d4x eipx 〈0|T [i∂µAµ(x)A†ν(0)]|0〉 = pν Π5(p2). (6)
In this case, by the use of the equation of motion in QCD as well as in the hadronic sector,
the divergence of the axial-vector current turn to be ∂µAµ = 2mq d¯iγ5u in the QCD sector,
and ∂µAµ =
√
2f2pim
2
piπ
+ in the hadronic sector. As expected, the divergence of the axial-vector
current is proportional to the pseudoscalar current. The expressions for Π5(s) in the hadronic
sector and in QCD up to order 1/s is given by
Π5(s)|QCD =− 3
2π2
mq
2 ln(−s/µ2) + 4mq 〈q¯q〉
s
, (7)
where we can see that the leading terms are proportional to the quark mass. The hadronic
sector is given by Π5(s)|Had = −2f2pim2pi/(s−m2pi).
The third form factor we will consider is the one formed by the correlation of the axial-vector
divergence
ψ5(p
2) = i
∫
d4x eipx〈0|T [∂µAµ(x) ∂νA†ν(0)]|0〉 . (8)
Its QCD expression to order 1/s is given by
ψ5(s)|QCD = − 3
2π2
mq
2 s ln(−s/µ2) + 4m3q
〈q¯q〉
s
− mq
2
2π
〈αsG2〉
s
, (9)
1 alternatively we can use one sum rule for Π0 and one for Π1 with the same kernel K = 1.
and in the hadronic sector, ψ5(s)|QCD = −f2pim4pi/(s −m2pi).
The three correlators are related through the Ward identities pµΠAµν(p) = Π5ν(p) + 〈u¯γνu〉 −
〈d¯γνd〉 and pνΠ5ν(p) = ψ5(p2)+4mq〈q¯q〉. The selected sum rules avoid the possibility of repeated
information by choosing two sum rules for Π0 with kernels K = 1 and K = s, and one sum rule
for Π5 and Ψ5 with a kernel K = 1. Notice that in this pseudoscalar channel we only consider
the lowest state, which is the pion. If we do not include the next state, the a1 resonance, the
sum rules give a threshold s0 smaller so the a1 pole is located outside the contour of Fig. 2.
Applying the sum rules from Eq. (2) we obtain
2f2pi =
1
4π2
s0, (10)
2f2pi m
2
pi =
1
8π2
s20 − 2mq 〈q¯q〉 −
1
12π
〈αsG2〉, (11)
2f2pim
2
pi = −4mq〈q¯q〉+
3
2π2
m2q s0, (12)
2f2pim
4
pi =
3
4π2
m2q s
2
0 − 4m2q 〈q¯q〉 +
1
2π
m2q 〈αsG2〉, (13)
where higher order quark-mass corrections (mq
2/s0) were neglected. Notice that Eq. (12)
is the Gell-Man–Oakes–Renner (GMOR) relation [2, 3], including a higher order quark-mass
correction, i.e. O(m2q). We use as an input the charged pion mass and the pion decay constant,
in order to obtain, as a result, all the other parameters.
3. FESR in an external magnetic field
The presence of an external magnetic field modifies current correlators in several ways. First
of all, the magnetic field interacts with quarks and hadrons through the minimal coupling. We
must replace then the derivatives with the corresponding covariant derivative. Since the axial-
vector current carries positive electric charge e (the elementary proton charge), its derivative
is replaced by the covariant derivative DµAµ = [∂
µ − ieAµ]Aµ, where A denotes the vector
potential of the external magnetic field. Hence, the new definition of the correlators in Eq. (6)
and (8) changes by the replacement of Dµ instead of ∂µ.
Notice that the presence of the magnetic field breaks locality, and therefore Π(x, y) 6= Π(x−y).
However, we are free to choose any particular frame if it is the same for the hadronic and the QCD
sector. The Ward identities discussed in the previous section are preserved, and their expressions
are the same but contracting the ΠAµν(p) and Π5µ(p) correlators with p
µ + Aµ(p) instead of
pµ. We consider here a constant homogeneous electromagnetic external in the Schwinger-Fock
symmetric gauge Aµ(x) = −12Fµνxν , and therefore the electromagnetic vector potential in
momentum space is then Aµ(p) = ie2 Fµν ∂∂pν .
Now, if we consider an homogeneous external magnetic field along the z axis, the
electromagnetic field tensor can then be written in the convenient form Fµν = Bǫ
⊥
µν , with
the perpendicular anti-symmetric tensor defined as ǫ⊥µν = gµ1gν2−gµ2gν1. This term will appear
in all tensor structures and lead to the separation of vectors into parallel and perpendicular
projections. The metric is splitted into gµν = g
‖
µν+g⊥µν . With this definition we have, for example
p2 = p2‖ + p
2
⊥, with p
2
⊥ = −p2⊥. The magnetic field therefore introduces several modifications in
the tensor structure of the current correlators. Basically it consists of combinations of pµ gµν
and ǫ⊥µν which produces a rich variety of new independent components, usually associated with
new condensates. For instance, for ΠAµν(p) the possible structures are g
‖
µν , ǫ⊥µν , g
⊥
µν , and pair
combinations of p
‖
µ, p⊥µ and ǫ
⊥
µνp
ν . Similarly, the possible structures for Π5ν(p) are the three
mentioned vectors.
In the hadronic sector we use the axial-vector current field description from chiral
perturbation theory (χPT) in terms of charged pion fields Aµ = −
√
2(f
‖
piD
‖
µ+ f⊥pi D
⊥
µ )π
+, where
the parallel and perpendicular components of the pion decay constant are related with the
transverse velocity as v2⊥ = f
⊥
pi /f
‖
pi . In this case the covariant divergence of the axial-vector
current is DµAµ =
√
2f
‖
pi m2pi π
+. This relation is obtained from the new equations of motion for
the charged pion, (D2‖ + v
2
⊥D
2
⊥ +m
2
pi)π
+ = 0.
We will consider the frame p⊥ = 0, and the specific structures considered are the ones pro-
portional to p
‖
µp
‖
ν from the axial-axial correlator, and p
‖
µ from the pseudoscalar-axial correlator.
The presence of a magnetic field is to be reflected in the charged particle propagators.
These will be expressed in a power series involving the magnetic field [4]. The quark and
the pion green functions become Gq(x, y) = e
ieqφq(x,y)S(x−y) and Gpi(x, y) = eiepiφ(x,y)D(x−y),
respectively, where eiφ is the Schwinger phase with ei the corresponding particle-charge and
φ(x, y) = −12Fµνxµyν in the symmetric gauge.
The local part of the Green functions in Fourier space are then expanded in powers of B.
The only terms needed for magnetic corrections in QCD are the following:
S(0)q (k) = i
/k +mq
k2 −m2q
(14)
S(1)q (k) = − γ1γ2(eqB)
(/k‖ +mq)
(k2 −m2q)2
(15)
S(2)q (k) =
2i (eqB)
2
(k2 −m2q)4
[
k2⊥(/k +mq)− /k⊥(k2‖ −m2q)
]
, (16)
where the superscript (n) refers to the power in the field Bn. In the case of the pion, the only
contribution is that of the propagator at zero magnetic field D
(0)
pi (p) = i/(p2 − m2pi). This is
because the next term is D
(1)
pi = 0, and the other terms do not survive in the FESR under
consideration.
Once all the aforementioned ingredients are considered, we have to calculate the same
diagrams needed in the vacuum case, extended with the magnetic Green functions and the
covariant derivative. The integrals involved are usually multi-loop diagrams (one-loop in our
case) which can be handled by the introduction of Feynman parameters in the usual way. There
will be infrared divergences from the magnetic contributions, which are safely controlled by the
magnetic quark masses. Hence, it is necessary to keep finite quark masses to leading order
in expansions in terms of m2q/s0. It is important to notice that even in the chiral limit there
will be magnetic mass generation. Before integrating in the Feynman parameter it is more
convenient first to integrate in the external momentum through the FESR contour. The magnetic
contribution to the contour integral in the complex squared-energy s-plane is given by
∮
C(s0)
ds
2πi
sN−1
[∫ 1
0
dx
f(x)
[s−M2]n
]
= cN,nθN,n
∫ 1
0
dxf(x)(M2)N−nθ(s0 −M2), (17)
where f is an arbitrary function of x, and M2 = m2q/x(1 − x) and cN,n is a rational number.
The usual Heaviside function is denoted as θ(ξ), and here we define a discrete theta function
θN,n = 1 for N ≥ n and θN,n = 0 for N < n. The fact that this integral vanishes for N < n
is one of the most important features in this approach. Higher order contributions in powers of
the magnetic field enters only if we consider a FESR kernel with higher powers in s.
Some of the magnetic Feynman diagrams involved are infrared divergent for massless quarks
because f(x) is singular. To deal with it, notice that the contour integral in Eq. (17) is non
vanishing only ifM2 < s0. This condition leads to the modification of the Feynman parameters
integration limits
∫ 1
0
dx f(x) (M2)N−nθ (s0 −M2) =
∫ x+
x
−
dx f(x)(M2)N−n (18)
where the limits x± =
1
2
(
1±
√
1 + 4m2q/s0
)
handle the IR divergences. After the expansion in
quark masses, there will appear logarithmic terms. These logarithms are strictly magnetically
generated and vanish for B = 0.
4. Results
The FESR involving magnetic field corrections are
2f‖pi
2 =
s0
4π2
(19)
2f‖pi
2m2pi =
1
8π2
{
s20 −
2
9
(eB)2
[
10 ln(s0/mq
2)− 27]
}
+mq〈q¯q〉 − 1
12π
〈αsG2〉 (20)
2f‖pi
2m2pi = − 4mq〈q¯q〉+
3
2π2
m2qs0 (21)
2f‖pi
2m4pi =
3m2q
4π2
{
s20 −
20
27
(eB)2
[
ln(s0/mq
2)− 1]
}
− 4m3q〈q¯q〉+
m2q
2π
〈αsG2〉 (22)
where all the terms are functions of the magnetic field. The restriction mq
2 ≪ s0, remains
valid for all values of eB under consideration. There are six parameters to be determined, i.e.
mq, mpi, fpi, s0, 〈q¯q〉, and 〈αsG2〉. Since there are only four independent FESR, two inputs are
required. In the case of vacuum, the pion’s mass and decay width are the more precise inputs.
The case with finite magnetic field requires different inputs for solving the magnetic evolution
of the parameters. The most studied object in this case is the quark condensate, which in our
case is obtained from Nambu–Jona-Lasinio (NJL) model results [5], which agree with LQCD [6],
so we will use as an input the NJL chiral condensate at finite magnetic field normalized by its
value at B = 0.
We need another “magnetic” input. During the realization of this work there wasn’t much
choice in the literature for the range of values of the magnetic field we are taking into account,
so we consider three possible scenarios:
(i) The magnetic evolution of the charged pion mass provided by NJL calculations [5].
(ii) mq/m
2
pi =constant. This scenario is natural from the Nambu-Goldstone realization of chiral
SU(2) × SU(2) symmetry where we have m2pi = 2Bmq. So here we assume that B is
independent of the magnetic field.
(iii) mq = constant.
Figure 3 shows the magnetic quark mass evolution and Fig. 4 shows the magnetic evolution
of the pion mass. The similitude between the behaviour of both masses from the condition
mq/m
2
pi = constant (dashed line) is expected. The case with the pion mass obtained from NJL
model or LQCD seems to be the same situation (continuous line), however both masses evolve
differently and do not follow the relation mq ∝ m2pi. It is worth mentioning that the GMOR
relation is broken here as stronger the magnetic strength. This can be seen from Eq. (21), where
the presence of last term turn to be more relevant as the magnetic field increases. In Fig. 4 we
also show the result using χPT from [7] to compare with. All the pion mass results increase with
the magnetic field, except for the case of constant mq. This result reinforces the importance of
the magnetic field behavior of mq.
Figure 5 shows the magnetic evolution of the charged pion decay constant (parallel
component) considering the three inputs described previously, compared with the result of the
charged pion decay constant from χPT [7]. Notice that the two first conditions generates almost
the same result for the decay constant. Also notice from Fig. 4 that the pion mass from χPT is
very similar from the one obtained in NJL model, however the pion decay constant from χPT
differs from the results obtained in this work. The case of constant quark mass presents a faster
growing of the magnetic evolution of the decay constant.
Because of Eq. (19), the same plot describes the magnetic evolution of
√
s0. This plot
allows us to explore the validity of the magnetic field strength, because the a1 resonance must
be included if
√
s0 & 1.2 GeV, . Considering that
√
s0(0) = 0.82 GeV we can see that√
s0(B) ≈ 1.2 GeV for eB ≈ 0.5 GeV in the case of the results obtained using the conditions
mpi(B) from NJL, or mq/m
2
pi = constant. In the case of the condition mq = constant, the
maximum magnetic field strength eB ≈ 0.35 GeV. The increasing hadronic threshold confirms
a previous work with FESR in the chiral limit [8].
Figure 3. Magnetic evolution of the light
quarks average mass. The plots show two
possible inputs.
Figure 4. Magnetic evolution of the pion
mass. The plot shows two possible inputs and
results from NJL and χPT.
Figure 5. Magnetic evolution of f
‖
pi (or
equivalently
√
s0), using three possible inputs
and compared with χPT results.
Figure 6. Magnetic evolution of gluon
condensate considering three possible inputs
and compared with LQCD results.
Figure 6 shows the magnetic evolution of the gluon condensate in the three conditions used
as inputs and including lattice results to compare with. For a constant quark mass the gluon
condensate drops dramatically. This strongly suggests that a constant quark mass is not a
valid approximation, although other works has founded also a decreasing behavior of the gluon
condensate [9]. Although it seems to turn negative, as we pointed previously, the maximum
magnetic field strength for the case with constant quark mass is ∼ 0.35 GeV.
The other values seems to present completely different behaviors. The NJL pion mass as
an input gives us an initially decreasing and then increasing gluon condensate, which is in
accordance with the results in [8]. With the condition of having a constant quotient mq/m
2
pi,
the gluon condensate increases slightly for then decreasing gently with increasing magnetic
field. Compared with Lattice results seems to deviate a for high magnetic field. However, the
maximum allowed magnetic field value is ∼ 0.5 GeV. The deviation in this region is less than
15%, so it do not differ so much from lattice results.
The results obtained here and the detailed procedure are explained in [1]. There are many
structures and new condensates that can be explored and were skipped in this work. One
of the interesting structures is the separation of the parallel and perpendicular projections of
the gluon condensate, separated in chromo-electric and chromo-magnetic components. Another
condensate we did not consider here is the polarization of the quark condensate 〈q¯σ12q〉. We are
working on these topics and will be reported elsewhere.
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